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Abstract 

We formulate a renormalizable quantum gravity in 2 + e dimensions by general- 
izing the nonlinear sigma model approach to string theory. We find that the theory 
5h ' possesses the ultraviolet stable fixed point if the central charge of the matter sector 



is in the range < c < 25. This may imply the existence of consistent quantum 
gravity theory in 3 and 4 dimensions. We compute the scaling dimensions of the 
relevant operators in the theory at the ultraviolet fixed point. We obtain a scaling 
relation between the cosmological constant and the gravitational constant, which 
is crucial for searching for the continuum limit in the constructive approach to 
quantum gravity. 
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1. Introduction 



Recent development toward constructing a consistent theory of quantum grav- 
ity has been pursued in two directions. One is the string theory which has achieved 
a considerable success. It turned out, however, that a nonperturbative treatment 
is needed for further development. Another approach is to describe the quantum 
gravity as a local field theory. It has been shown that the dynamical triangulation 
approach or matrix model describes a consistent quantum gravity in two dimen- 
sions [1-3]. It was demonstrated that there exists a continuum theory of quantum 
gravity in two dimensions which is renormalizable and asymptotically free [4-7] 
and the exact scaling exponent can be obtained [8-10]. The method of dynamical 
triangulation has been extended to 3 and 4 dimensional quantum gravity [11-13]. 

It is the purpose of the present article to study the continuum theory of quan- 
tum gravity in 2 + e dimensions. In our previous work[14], we have formulated 
a quantum theory of Einstein gravity in 2 + e dimensions in such a way that the 
conformal mode is explicitly separated. The dynamics of the conformal mode is 
understood in terms of the oversubtraction due to the one loop counter term. The 
theory possesses the ultraviolet fixed point as long as the central charge satisfies 
< c < 25, which separates weak and strong coupling phases. The exact scaling 
exponents of the two dimensional quantum gravity are reproduced in the strong 
coupling regime when we take e — > limit. In this paper we shall study the theory 
around the ultraviolet fixed point as well as the weak coupling regime by making 
use of the renormalization group. 

In order to pursue further study of the dynamical triangulation, we may need 
to know phase structures and the way how to take the continuum limit. We believe 
that these questions can be answered at least qualitatively in the continuum theory 
by using the renormalization group. In the present article we shall elucidate the 
properties of the phases and the scaling relations among various operators. 

This paper is organized as follows. In section 2, quantum gravity in 2 + e dimen- 
sions is formulated in such a way that the conformal mode is explicitly separated. 
A summary of our previous work is given. In section 3, to study short distance 
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properties of space time we consider the most general renormalizable action and 
compute the one- loop counter term. In section 4, the renormalization group equa- 
tions are derived and the fixed point is found to be ultraviolet stable. In section 
5, the renormalization of the gravitationally dressed operators is studied and their 
anomalous dimensions are computed by utilizing the conformal invariance argu- 
ments in the nonlinear sigma model approach to string theory. It is pointed out 
that at the fixed point the target space is de Sitter space. We derive a scaling rela- 
tion between the gravitational constant and the cosmological constant. In section 6 
we study two dimensional gravity and string theory within our framework. Section 
7 is devoted to the conclusions and discussion. There we discuss symmetries and 
renormalizability of the most general renormalizable action. 

2. Formulation of 2 + e dimensional quantum 
gravity and one loop renormalization 

In this section we summarize our previous work [14] for completeness. 
2.1. "Conformal gauge" formulation in 2 + e dimensions 

We adopt the following parametrization of which separates the conformal 
mode from : 

9[iv = 9fip{ e ) v e ^ i , 

where g^ is a background metric and h v field is taken to be traceless hP 1 ^ = 0, 

while h^ v is symmetric in n and v. Here tensor indices are raised and lowered by 

*) 

the background metric g^ v . 

The Einstein action in this parametrization is given by 

^ J d D x^fg~R =^J d D x^g ji? - \e{D - l)^<R(/j . (2.2) 

We change the integration variables from g^ v to and <j). The Jacobian for the 
change of variables is trivial with the dimensional regularization. 



*) In this article we use the notation of 't Hooft and Veltman [15]. 
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We adopt the background field method to compute the quantum corrections 
with the following gauge : 

G 



d D xyTg - (h\, v + € -d,<p) (V% + € -d^) . (2.3) 



Expanding the action (2.2) in terms of W v and and adding (2.3), we obtain the 
following quadratic action: 



G 



(2.4) 



The interaction vertices are 



J d D x^g ^e\D - 1)^8^8^ - ^e 3 (D - 1)^8^8^ 

+ -e(D - \)h^8^8 v <\> - \e(D - \)h%hP v d^d v <\> (2.5) 
4 o 



G 



The ghost action is 

^ J d D x^g - ffR^ v - e -{8»<t>W^v + ■■■} ■ (2.6) 

In the kinetic term of h^ v in (2.4), we expand the background metric around the 
flat metric 

9iw = <W + h nv ■ ( 2 - 7 ) 

The propagators are given by 

G 2 
< h flu (P)h pa (-P) > = —^[b P pb V( j + 5 po 5 vp - —5^S pa ) 

< ftPM-P) > = , (2.8) 

< t{P)U-P) > = 

The propagator of the field has a \ singularity which may be called the 



kinematical pole in the sense that it does not arise from the high momentum part 
of the loop integral. 



2.2. One-loop renormalization and dynamics of conformal mode 

The one-loop divergences of the theory including matter fields with the central 
charge c come from the two types of graphs : the tadpole graphs of W v and r]^ 
fields and the well-known conformal anomaly graphs due to <fi, h^ V) r)^ and the 
matter fields. The total one-loop divergence is given by 



25 - cl .6 / aD, 



-// / d u x^gR . (2.9) 



24tt e 



The theory is renormalizable with the one-loop bare action 



with the bare coupling 



VT (± - J d D x^R = ±-J d D x^R (2.10) 



1 r (\ 25-cl\ 



The (5 function is given by 

25 -c 



/9(G) = eG 24^~ ' ( 2 - 12 ) 



The ultraviolet fixed point G* determined by the condition (3(G*) = is found to 
be 

24-7T 



which exists as long as c < 25. 
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We now consider the following one-loop bare action (2.10) expressed in terms 
of the parametrization (2.1): 




(2.14) 



The counter term of the field is appropriate to make the theory finite. On 
the other hand, for the conformal mode (p there is no divergence at the one-loop 
level. In fact at the one-loop level the quantum correction to the kinetic term of 
the conformal mode is of 0(e), since there is an e factor for each (p field. Therefore 
the subtraction for </> in (2.14), 



is an oversubtraction (it is of order e ). Thus h^ u and (f> are renormalized in a very 
different manner. 

We shall show in the following subsection that the use of the bare coupling 
Go takes care of the oversubtraction problem in the operator renormalization. In 
particular, it allows us to consider the e — > limit, that is, the two-dimensional 
gravity. 

Therefore the effective action for the conformal mode is given by 




(2.15) 



x^(g^d^d v 4> + 2(f>R) + ... 



(2.16) 



Note that when G ^> e it is the Liouville action. 
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2.3. Operator renormalization 



We consider the gravitational dressing of the operator 

J d D x^g 1 - Ao ^2A , (2.17) 

where $2A is the spinless field with the scaling dimension 2Ao- In this subsection 
as well as the following one, we restrict our consideration to the strong coupling 
regime G ^> e in which the bare coupling is given by 

1 25 - C " e (2.18) 



G 24tt e 

The perturbative calculation has been performed up to two-loop level and the 
renormalization of the operator is given by 

Za q ^- Ao = ^v^V^ 1 -^ (2.19) 



with 



^=M^<i-*>)(w)+H® 1 -*'" 



The anomalous dimension follows is then given by 



(2.20) 



G °^:i-A )+^(l-Ao)) 0{G\) 



(2.21) 



2vre v ' \ 2vre 

Inserting the expression (2.18) for Go in the strong coupling regime, we obtain 
. 4(1 -Ao) / 4(1-A ) \ 2 /4»\ 
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where 

125 -c 



Q = 

We compare the ratio of the scaling exponents defined by 

/3_ 2(l-A )+7 Ao 
a 2 + 7a 0=0 

with that of the exact solutions of the two-dimensional gravity [8-10] 



(2.23) 



2 I V Q 2 



8(1 " A0) 



(2.24) 



2 I V Q 

Apparently these two quantities agree up to the order of (^) 2 • 
2.4. Exact solution in the two-dimensional limit 

In the calculation of the operator renormalization (2.19) in the strong coupling 
regime the loop graphs containing graviton h^ v are finite after cancellation of 
divergent parts. Thus the field does not play any role and we may drop 
in the one-loop bare action (2.10): 

£ J d D x^R = £-J d D x^g [ke-^ - |(£> -l)y/j e'h VfyW} . 

(2.25) 

In terms of a new variable ip introduced through 

e-^ = l + ^ , (2.26) 

the bare action becomes 



G 



J d D Xv Tg ji?(l + - e -D?rd^d v ^ . (2.27) 



The change of variables in (2.26) gives only the trivial Jacobian with the dimen- 
sional regularization. 
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Inserting the expression of Go (2.18) into (2.27), we obtain the following effec- 
tive action for the tp field: 



25 - c pf 
24tt T 



25-cL> , , D 



(2.28) 



This is a free theory with the propagator 



<^ m _p )>= _!^_JL_L . (2 . 29) 



Therefore in performing the renormalization of the operator J d D x y /g 1 A ° $2A > 
we may apply Wick's contraction theorem. To calculate expectation value 

< V9^ A " >= \ft~^ < exp - A )log(l + > (2-30) 

we associate each contraction with a divergent factor of 

24 1 

< ^ 2 >= + const . (2.31) 

25 — c e 

The expectation value (2.30) can be evaluated exactly by using a zero-dimensional 
model with the action 

l -'—^ t ^ . (2.32) 
2 24 V y ' 

Thus (2.30) reduces to the ordinary integral in terms of a new variable p = 

< V9^ A ° >= v^'Wst. J°° dp exp {1(1 - A )log(l + p) - ^^V} • 

(2.33) 

By means of the saddle point method with the saddle point 



Po = ^{-l + yi-^(l-A )^ (2.34) 
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the integration in (2.33) is evaluated to be 



4 O 2 
exp{-(l - A ) log(l + p ) + ^Po 2 } • (2.35) 

The renormalization constant of the operator Z^y/g 1- ^ is given by 

Z Ao = exp - A ) log(l + p ) - ^po 2 } • (2.36) 

The anomalous dimension is found to be 

7A = ^ lo S z A = PoV = -2(1 - A ) - Q 2 P0 . (2.37) 

The ratio of the scaling exponents ^ = reproduces the exact solution 

of two-dimensional gravity given by (2.24). 

3. One-loop divergence in the most 
general renormalizable action 

In the preceding section the one-loop bare action (2.10) for the Einstein ac- 

*) 

tion was derived. As was stressed, h^ u and conformal mode <p or if) defined by 
e - *^ = 1 + \ \f\^ are renormalized in a very different manner. In particular the 
coefficient °f the kinetic term (2.14) for the (f> field formally vanishes around 

the ultraviolet fixed point given by (2.13). Thus we need to take into account the 
0(e) contribution to the one-loop renormalization of the <fi field. 

In order to study the dynamics of the conformal mode around the ultraviolet 
fixed point, we take a different approach from that of section 2. If we retain the form 
of the Einstein action and subtract the counter term, we would inevitably encounter 
the oversubtraction problem of the <fi field as was argued in subsection 2.2. For the 
purpose of avoiding the oversubtraction problem, we relax the functional form of 
the 4> field in the action and consider the most general renormalizable action. 



*) Note that hereafter we use a definition different from that of section 2, e 4^ = 1 + 
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In two dimensions <p is dimensionless so that the condition of renormalizability 
does not specify the form of the action. In fact any function of (f> is allowed. The 
most general renormalizable action including the matter fields ip l (i = 1, ...,c) 
with the central charge c takes the form 

J dPxy/il^RLW-^p'drfW+^ , (3.1) 

where R is the scalar curvature constructed out of = g^ p (e h )^ . Here we impose 
the following conditions: 

L(0) = 1 ,$(0) = . (3.2) 

We have defined the ip field in such a way that the kinetic term becomes canonical 
(see (3.1)). We have assumed that the matter coupling term is invariant under 
if 1 — > if 1 + const . The functional L(ip) and $("0) are left arbitrary unless some 
symmetry is imposed on (3.1). For further discussion on symmetries, see section 
7. 

We believe that the long distance property of space time is well described by the 
theory with the Einstein action. This is also required from the general covariance. 
Therefore the general covariance is imposed by demanding that the most general 
renormalizable action (3.1) coincides with the Einstein action in the infrared limit 
H ~ where the coupling G becomes weak. In terms of ip the Einstein action reads 

(3.3) 



2 



Therefore in the weak coupling limit G ~ 0, or /j ~ 0, L(ip) and $(-0) must behave 
as 



Z(r)~] - x j ( -v 
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(3.4) 



We are going to study the short distance property of space time in the fol- 
lowing method. First we calculate the one-loop bare action for the most general 
renormalizable action and then derive renormalization group equations for G,L(ip) 
and $(-0). While G,L(ip) and $(-0) evolve according to the (3 functions by a change 
of the renormalization scale /j,, these trajectories are specified by the requirement 
that the theory coincides with the Einstein action in the infrared limit. As will 
be shown in section 4 the f3 functions possess an ultraviolet stable fixed point and 
thus the short distance property of the theory is governed by this fixed point. The 
action at this point is determined from the renormalization group equations. 

In the rest of this section we compute the one-loop divergence of the action 
(3.1) by the background field method. To this end we make a shift of variables: 

ip — > ip + tp 

If — > If + If 

where on the right hand side ip and <f l are the background fields while if) and if 1 
denote the quantum fields. The gauge fixing term is chosen to be of a similar form 
to (2.3): 

f/^M^V-^^)} 2 (3,, 

The ghost action is then given by 

£ J d D x^L (fl jr/V, - R\tVu - t(~d v L + tfi) Vv ) ^ + . . j. 

(3.6) 

In order to evaluate one-loop divergences we expand (3.1) together with (3.5) 
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in terms of the h pv , ip and ip l fields with the help of the formula: 

1 



R — R h^ v R ^ W 1 ip . u + ^h^uph p f 

+ . . . . 



The tree action is 



J d D xyTg - ^drfPj + ^e%^w} (3.8) 

where L = L (■0) and $ = $ (?/>) . The kinetic terms are given by 

J d D x^g^^h\ p h\ p - ^d^W + ^e%^v}- (3.9) 
Other quadratic terms including the gauge fixing term (3.5) are 

J d D x^g\^R^ 2 - lx^R\W^ + it^H^pWahr + M e §(^V)* 
+ Je%<^dV[($') 2 + $'> 2 + &e*dp<p i & i (p i il>y (3.10) 

Before going into the evaluation of the divergence we make a redefinition of 
the field variables 

eSpi^Kpi (3.11) 

in such a way that the kinetic terms become canonical. Thus, by retaining only 
the terms relevant to the one-loop divergences, eq. (3.9) reads 



+ i6g(t) 2 ^^^ + ^( $ 0\#W) 2 + • • J 



(3.12) 
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while other quadratic terms are 



1 "■' , (3.13) 

+ -e^d^d^^'f + $'V + $'e%^3VV> + ■■■>■ 

In the ghost action (3.6) we also make a similar redefinition Lfj^ — > fj^ to obtain 

We now evaluate the one-loop divergences. The kinetic terms in (3.12) give 
divergences of the conformal anomaly. One-loop divergence due to a scalar field is 

' 'jjR. (3.15) 



247TC 



By counting the number of degrees of freedom for h^ v and the ghost as 2 and - 4 
respectively, the total divergences coming from the conformal anomaly are given 
by 

1 -c 

247T6 



gR. (3.16) 



The rest of the divergences in (3.12) stems from the tadpole graphs of the last two 
terms 



M 2 v^i^(x) ^W<^"p>=-g^(x) >/iwm . ( 3 - 17 ) 



and 



V^^XW < ((^f >= y^($f v^/^V , (3.18) 



where the propagator in (2.8) is used. We next consider (3.13). The tadpole 
divergences arising from the 1st and 2nd terms are 

1 y/§RL" , 



47TC 
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27TC 

while the last two terms give altogether 



y/lR , (3.19) 



$"eV^W- (3.20) 



8yre 

In the ghost action (3.14), the second term gives rise to the tadpole divergence 

y/§R (3.21) 



27TC 

and the rest of the terms give 



1 /L /x -' 



(j) VjdrfPj. (3.22) 



8n€\L 

All other graphs constructed from (3.12) , (3.13) and (3.14) are either finite or total 
derivatives. Summing up the divergences (3.16) — (3.22) we obtain the following 
one-loop counter term 

where 

25 -c 



A = 



24tt 



Note that (3.17) and (3.22) have cancelled each other. Hence and the ghost 
fields contribute to the well-known counter term — only. 
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4. Renormalization Group and Fixed Points 



From the one-loop counter term in the previous section, we can express the 
bare quantities in terms of the renormalized quantities : 



1 A L"(0) 
Go r IG e Aire 



Gq [G A-ke e 



^{ X _iU» ( 0)}, 



*o(</<o) = *«0 - -^-*"M0 + -^-*"(0). (4.1) 

47TC 47TC 

Let us recall that the functions L and $ are defined such that L(0) = 1 and 
$(0) = . Therefore when we determine these relations, we have also required 
that Lo(0) = 1 and $o(0) = 0. From these relations, we find 



2 



A L"(0) 



2e 8yre 



G r/// , , GA r , , , GL"{0) T / i \ GA 
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$ tyo) = Sty) - ^ $ "(V0 + ^"(°) > 

fV'O 



= + *MGj \ lv {^- {m f-^-^} (4.3) 



G :*"«'o) + ^*"(0). 



47TC 47T6 

The /3 and 7 functions (functionals to be precise) follow by demanding that 
the bare quantities are independent of \x. At the tree level we have 

_ dG 

PG = fi-r- = eG, 
a// 



dL 

PL = H-7- = 0, 

a/j, 

/?$ = //-r- = 0, 
a/i 

- ^ n 

By utilizing the tree level /3 and 7 functions, the one-loop level (5 and 7 functions 
are found to be 



P G = eG-(A + ^)G 



2 
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A 



L" 



(0)\ 



2 



8tt J 




L"(0) 



8vr 



(4.5) 



As we change the renormalization scale fi, G, L and $ evolve according to the 
f3 functions. The renormalization group trajectory is specified by the requirement 
that the theory coincides with the Einstein action (3.3) in the infrared limit fi — > 
where the coupling constant G is weak. The reason is that the full theory is given 
by the tree action when G is weak and hence the general covariance of the theory 
can be ensured by the general covariance of the tree action in the weak coupling 
limit. Therefore we choose the following initial conditions 



and let the functions evolve according to the (3 functions as we increase the renor- 
malization scale //. Since we have derived the renormalization group equations 
of the theory and the way to specify its renormalization trajectory, we need to 
study the property of this renormalization group and its ultraviolet fixed point in 
particular. 

It is easy to observe that the (3 functions possess the following fixed point: 




(4.6) 



G* 



2Att 



25 -c 
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= (4.7) 

In order to study the physical property of this fixed point, we expand the (5 func- 
tions around the fixed point and obtain 

fi G = - e SG-^-SL"(0), 



* = + - «m \ G . + G . 4 .^) , (4.8) 

[ 2 47T 47T J 87T 

where 5G, 5L and 5$ are the deviations from the fixed point. In order to find 
the eigenvalues and eigenf unctions of these linearized (3 functions we need to spec- 
ify the physically acceptable function space. We may require that the functions 
L(ifj) and $(/0) do not grow exponentially at infinity (|^| — > oo) . Furthermore 
6L(0) = 8&(0) = 0. Then the eigenf unctions of the linearized (3 functions and their 
eigenvalues are 

5L = sin Atp, 
5& = sin A'tp, 
Pg — —eSG, 
Pl = -(A+^)G*5L, 

47T 

We have found that the slopes of the f3 functions around the fixed point are negative 
definite. We conclude that the fixed point is ultraviolet stable against all possible 
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perturbations. From these considerations it appears likely that if we start with 
the Einstein theory, the renormalization trajectory is attracted to this ultraviolet 
stable fixed point as fi — > oo. 

At the initial stage of the evolution, we may parametrize L and $ as 

L ~ 1 + A^ , 

$ ~ nip , (4.10) 
where X,k ~ 0(y/e). The (5 functions are 

& ~ ^Gk. (4.11) 

We can see that A decreases while k increases during the evolution at the initial 
stage. Since A is 0(y/e) to start with and gets smaller during the evolution at the 
initial stage, we may neglect it altogether and consider the evolution of $ only. If 
we retain the linear part in $ (namely k ), the evolution of k obeys the simple 
renormalization group equation: 

With these approximations, we can solve the renormalization group equation an- 
alytically and find that the theory approaches the ultraviolet stable fixed point of 
the (3 functions as \i — > oo. Although such an approximation makes the problem 
tractable and presents us a clear physical picture, it is also possible to integrate 
the renormalization group equations numerically without any other approxima- 
tions [16]. In this way it has been numerically checked that the renormalization 
trajectory which starts with the Einstein action in the infrared limit belong to the 
domain of the attraction of the ultraviolet stable fixed point we have found. 
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Our conclusion from these investigations is that the quantum gravity in 2 + e 
dimensions possesses the ultraviolet fixed point when the matter content of the 
theory is such that < c < 25. When the coupling G is weak, the long distance 
property of the space time is described by the Einstein theory with the action 

2 2 

However the short distance property of the space time is governed by the ultraviolet 
stable fixed point with the following action which incorporates the renormalization 
effect due to quantum fluctuations of the space time : 

~ ^ W + £ • (4-14) 

i 



5. Renormalization of composite operators 

In this section we study the gravitational dressing problem of spinless operators 
with scaling dimension 2Ao denoted by $2A - From the general covariance it is 
gravitationally dressed in the weak coupling regime as 

J d D x^ 2Ao (g). (5.1) 

However the operator $2A a l so depends on the metric. Its dependence is deter- 
mined by the scaling dimension as y/g ^ A °. We may consider e tklf as an example. 
ip is a free field with the kinetic term as \e~^g^ v d^dy^p where the conformal 
mode dependence is explicitly shown. In order to make the composite operator 
e i\ap g n jt e) we neec i to subtract the divergence as 

Z < ^ > 

^e^e^** , (5.2) 

i 2 

Since the dimension of this vertex operator is 2Ao = ^r, the conformal mode 
dependence of the normal ordered operator is = y/g D °. Therefore we need 
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1— — A 

to investigate the renormalization of the composite operator ^fg D when we 
study the gravitational dressing of the operator $2A - 

In the following, we study the renormalization of the composite operator f(ip) 
in 2 + e dimensional quantum gravity around the ultraviolet fixed point. The 
strategy to study the theory around the ultraviolet fixed point has been explained 
in sections 3 and 4. 

The bare composite operator corresponding to f{ip) at the one-loop level is 
; -f'(ro) ■ 



Aire 

Therefore the 7 function for f(if>) is given by 



We introduce ip which is a solution of 

^ = ~y - (5-5) 

where 7- is obtained from 7^ in eq.(4.5) by replacing ip by . We also consider a 
new function F(ip) = f(tp). Then the 7 function for F(ijj) simplifies as 

= • (5 - 6) 

If we approximate $ ~ ki\) and L~ 1 we obtain 

if) = Kif) (5.7) 

where k is the solution of (4.12) . 
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We seek a perturbative solution of (5.6) by using the approximation H-§^G = eG 
which is valid in the weak coupling regime. The solution of this diffusion equation 
is 

*W) = #'y^exp (-^ - V') 2 ) *>(kV0- (5-8) 
Let us recall that the weak coupling limit of k is k = Hence we may take 



Fj(^) = exp \ Ul - A )log(l + 

oxp ^(1 - A )log(l + ^) 



(5.9) 



The integral (5.8) can be evaluated by using the saddle point approximation when 
e ~ and Gk 2 > e 2 



*W) = ^xp {"^(^ " P) 2 + ^(1 " A ) log(l + p)} 



exp (^T^Po^ 



(5.10) 



where p is 



If we naively use these results at the fixed point where G* = -| and (k )* = 
we have 



* 1 n /-, 16(1- A ) 



(5.12) 



- exp < 1 - ± t S ) ^ • (5.13) 



G* V A V 4A/1-A , 
The scaling dimension of the gravitationally dressed operator j d D x^/g 1 A °F*(m/>) 
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would be 



Vce(l - A ) (5.14) 

at the ultraviolet fixed point. 

However we need to examine the validity of our calculation near the ultraviolet 
fixed point more closely. If we use the one-loop (3q function in (4.5) instead of the 
tree (3q = eG in our calculation, we find that the renormalized operators behave 
differently near the ultraviolet fixed point. Although they become nearly marginal 
operators at the intermediate stage, the anomalous dimensions are found to vanish 
eventually at the ultraviolet fixed point. Since we are dealing with the operators 
which possess \ singularities to start with , we may use the following equation 



ix— = ^f'X^) (5.15) 

instead of eq.(5.6). If we do so, we retain the results of our perturbative calculation. 
Furthermore the higher order corrections of the form G^ n ~^ F^ n \Kijj) may not be 
negligible since k grows up to 0(1). 

Due to the presence of these uncertainties, we resort to the conformal invari- 
ance arguments to determine the scaling dimensions of the gravitationally dressed 
operators at the ultraviolet fixed point. As it will be shown below, our perturbative 
results are justified after such considerations. 

For this purpose we recall the following nonlinear sigma model Lagrangian 
[17-19]: 

C = ^ y /gg^G ij (X)d^X i d v X^ + ^y/gL(X)B^ , (5.16) 

where Gij is the N dimensional target space metric. G is the loop expansion 
parameter which is introduced in order to compare eq.(5.16) with eq.(3.1). In the 
conformal gauge, g^ v = e~ p 5^ v and we need to add the standard ghost Lagrangian. 
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The renormalization group (5 functions are 

(5.17) 

^ = ^->^L + ... . 
247T Air 

These quantities are in general different from the Weyl anomaly coefficients f3 a 
which are defined by 



f3 L = (3 L -^d i Ld l L , 



(5.18) 



where the difference comes from the tree level breaking of the conformal invariance. 
This can be seen by considering the transformation g^ v — -> aT p g^ v 
(d i L)p . 

If we generalize this approach to 2 + e dimensions, we may expect 

(5.19) 

G 247T 47T 

One of the fixed points of these (3 functions corresponds to the de Sitter space with 
the metric 



(5.20) 

and with 

L* = l, G* = ^l , (5.21) 
25- c ' v ; 

where 

c=iV-l . (5.22) 

Note that this is nothing but our fixed point (4.7). Furthermore the only contri- 
bution from the ghost sector is ^ to (3 L just like that from and ghost fields 
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in our gauge. Therefore our result is consistent with a naive extension of the con- 
formal gauge approach to string theory. Since we have chosen a different gauge, 
this observation implies the one-loop universality of the (5 functions. 

In the nonlinear sigma model approach to string theory, the conformal invari- 
ance plays a crucial role. Let us briefly summarize the reasoning. We decompose 
the metric g^ v into the background metric g^ and the quantum fluctuations. The 
theory must be invariant under the conformal transformation of the background 
metric g^ v — > g^ v e~ p since we are integrating the quantum fluctuations which in- 
clude the conformal mode. This requirement is very general for quantum gravity, 
and we expect it to hold in any dimension. 

In particular the quantum gravity in 2 + e dimensions at the ultraviolet fixed 
point is certainly conformally invariant since the Weyl anomaly (5.18) vanishes 
there. Therefore we apply the standard strategy of the two dimensional gravity at 
the ultraviolet fixed point. Namely, we require that the physical operators in the 
theory are conformally invariant. 

Since ip decouples from R at the ultraviolet fixed point, the gravitationally 
dressed operators are determined by the conformal invariance to be 

J dPxy/jQ^eP* , (5.23) 

G* B 2 

where Ao H — g^- = 1 . Here we have neglected the interactions among ip and ip l 
fields since they are 0(y/e). In particular the cosmo logical constant operator is 

J dPiy/le"* . (5.24) 

The theory at the ultraviolet fixed point is invariant if we shift 

ip ^i/j + - , 
a 

where the cosmological constant operator is used as the standard of the scale. 
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(5.25) 



Namely, the cosmological constant operator scales as 




(5.26) 



and the general gravitationally dressed operators scale as 

J d D x^ 2Ao eM -> ^')-^=^J d D x^ 2Ao e^ . (5.27) 

On the other hand from 7^; in(4.5), we also know that the anomalous dimension 
of if 1 vanishes at the ultraviolet fixed point. Therefore we conclude that fjf = fj,^ 
since <p % must scale canonically <~p l — > fii^p 1 at the ultraviolet fixed point. 

After these considerations we find that the scaling dimensions of the gravita- 
tionally dressed operators J d D x$2A el3 ^ are indeed 

-y/ce(l - A ) (5.28) 

to the leading order of e, which agree with our perturbative results. In particular 
the scaling dimension of the cosmological constant operator is —\fci. Hence in 
the limit e — * , the cosmological constant operator and all other gravitationally 
dressed operators become marginal operators at the ultraviolet fixed point. Strictly 
speaking the conformal invariance cannot determine the signs of a and (3. Therefore 
we cannot exclude the possibility that the irrelevant operators which correspond 
to the other branch of a and (3 may exit in the theory. In the weak coupling limit, 
the cosmological constant operator yfg is a dimension zero operator. Due to the 
quantum fluctuations, at the short distance the cosmological constant operator 
acquires the anomalous dimension and becomes nearly marginal. However it is 
still the most relevant operator in the theory as long as e 7^ 0. There is another 
relevant coupling G in the theory since (3q = —e5G near the ultraviolet fixed point 
(see eq.(4.9)). 

We may observe that the gravitational coupling G is analogous to T — T c in 
the spin system (nonlinear sigma models or scalar field theory). On the other hand 
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the cosmological constant is analogous to the magnetic field of the spin systems. 
Just like nonlinear sigma models, we have two relevant operators which should be 
tuned around the ultraviolet fixed point in 2 + e dimensional quantum gravity. 

Namely with the renormalization scale n, the gravitational coupling and the 
cosmological constant scale as 

5G ~ i2~ e , 

A ~ At -^ j (5.29) 

so that 

A~(G-G*)v / f. (5.30) 

We may plot the renormalization group flow of the couplings on the 2 dimensional 
plane in Fig.l. 



Fig.l The transverse direction is G and the vertical direction is A. 



As we decrease the renormalization scale /x , the flow of the coupling is shown 
by lines with an arrow. Since A controls the size of the universe, we predict that two 
universes with different volume (cosmological constant) and different gravitational 
coupling constant look identical if they are related by the relation (5.30). 
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Therefore (5.30) is a scaling relation of the quantum gravity in 2 + e dimen- 
sions. The derivation of such scaling relations is very important for understanding 
quantum gravity. In the constructive approach to quantum gravity such as the 
dynamical triangulation method, we need to understand such scaling relations to 
search for the continuum limit. In fact it has not been made clear what one should 
observe in such an approach in order to search for the continuum limit. 

Better understanding of quantum gravity should derive scaling relations which 
are relevant to continuum limit of the constructive approach and eq.(5.30) is such 
an example. 



6. Two dimensional gravity and 
string theory in our framework 

Although we are mostly interested in the quantum gravity beyond two dimen- 
sions in this paper, our approach provides new insights and possibly new results in 
tow dimensional gravity and string theory. In this section we would like to discuss 
the renormalization property of the quantum gravity with the positive coupling G 
in 2 — e dimensions briefly in connection with the two dimensional quantum gravity. 
As before we consider the most general renormalizable action 

^rRL{4,) + I^Llfy^V + i^8Ve*M. (6-1) 

Note that the sign of the kinetic term of the conformal mode is positive in 2 — e 
dimensions. The one-loop (3 functions are 

P G = -eG - AG 2 + ^G 2 , 

4"7T 



& = Gi 'Mf*{£(tf(v>)' + 4- £ ' (0) 



8tt 
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L"(0) 

8vr 



+ {-^"W + ^"(0)}G . (6.2) 

G gets weaker as the renormalization scale fi increases. Therefore we may start 
with the Einstein theory in the ultraviolet limit (/z — > oo) and ask what happens 
when the renormalization scale \x is decreased. In this case, G and L grow while $ 
diminishes during the evolution in contrary to the previous situation. 

If we consider the scale where G is large compared to e but still small such 
that we can trust the perturbation theory (0(y/e) to be precise), the effect of L 
to the renormalization group turns out to be still small. It is numerically found 
[16] that L"(0) ~ O(es). Let <£> ~ Kip as in section 5. (3 K is well approximated by 
(3 K ~ ^nG. We remark that k determines the scale of tp field. As it was shown 
in section 5 that any operator f(tp) is renormalized in a definite combination of k 
and ip as F(Ktp). In other words, the effective propagator of ip is proportional to 
Gk 2 . Note that 

^ (g^) = 6 (g^) ■ (6 - 3) 

Therefore the effective inverse propagator p of ip scales canonically and it is found 
to be 

1 1 e\ , . 

+ 7^ . ( 6 - 4 ) 



k' 2 V 24tt G t 

by solving the renormalization group with the initial condition ^ when n — > oo. 
Here we have scaled back ip — > ■\f\ip. When G ~ 0(y/e), the inverse propagator 



is equal to + 0(y / e). In the previous work, we have shown that such a theory 
reproduces the exact scaling exponents of two dimensional quantum gravity in the 
limit e — > 0. 

In order to investigate the gravitational dressing of spinless operators $2A 
with scaling dimension 2Aq, we consider the renormalization of a most general 
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composite operator F(ip). if) is the redefined conformal mode whose kinetic term 
is canonical: 

(6.5) 

where p- is given in (6.4). It is found that the vacuum expectation value of the 
following bare operator is finite: 

k' d 2 

F (V>) = e~~^F{i)). (6.6) 

The renormalization group for F(tp) follows as 

» m = s . (6.-) 

^dfx W} 4vr dip 2 4tt ^ V ; 

In these derivations we have used the relation = —en' . Equivalently we may 

change the variable from /x to as 



47r6^M = F"(# (6.8) 



Therefore we conclude that the renormalized operator F(ip) satisfies the diffusion 
equation. The solution of this diffusion equation is 

F(V0 = I" # / ./4exp(-^(^ - ^) 2 ) W) , (6.9) 

where the initial condition Fj(ip) needs to be specified. 

In our diffusion equation, the coupling k' play the role of time. We consider 
such a situation that at the beginning k' is small and it grows later. This kind of 
situation occurs in 2 — e dimensions if we decrease the renormalization scale /z . In 
other words the theory goes into the strong coupling region from the weak coupling 
region. In the weak coupling region, the composite operators are not renormalized 
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and Fj(ip) can be taken to be ^/g 1 A() : 

Fi($) = exp - A ) log(l - • (6-10) 

With this initial condition, we can solve the diffusion equation and find the form 
of the renormalized operators when the coupling becomes strong. When e ~ 0, we 
can use the saddle point method to find the following renormalized operator : 

/_! dp V^ exp + 1^ )2 " 7 (1 ~ Ao) log(1 + p) ] ' (6 - n) 

where from eq.(6.4) p- ~ ^ when G»e. Eq.(6.11) is evaluated to be 



(Z Ao ) l exp( ( -jlc). (6.12) 



where 

n ( I «n - 1 

(6.13) 



In sect. 2, we have explained that the conformal mode is governed by the fol- 
lowing Liouville action when G ^> e : 



i.(|) 2 | A^( W -2^). (6.14) 
In this section we have further derived the renormalized operators of the form 



J d D xe-%M<f>2A . (6.15) 

By rescaling the conformal mode as ip — > ^ip, we have found that these results 
are in complete agreement with the conformal gauge approach in two dimensional 
gravity. Therefore we have given the renormalization group justification of the 
conformal gauge approach to two dimensional gravity. The scaling exponents of the 
gravitationally dressed operators are the sum of the canonical and the anomalous 
dimensions: 
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2(1 - A ) + ^ogZ Ao = -Q(3. (6.16) 

The string susceptibility of the theory in the two dimensional limit can be 
derived by scaling the metric g^ v — > \g^ v in the microcanonical ensemble: 



Z = j Dg^e-J^^S (a# < J ^ > ^-a) 

■ logA/^ | Dgiwe S^R 5 ^ A f(-Q) < | ^ > | (6.17) 



g 2 8ire 



| D^e"/ ^*tf(< | v ^> 



-1) 



where J y^-R = — 87r on two dimensional sphere is used. The string susceptibility 
p _ 2 -)_ Q i s reproduced in the two dimensional limit. Needless to say, these 
renormalization group considerations are in accord with the arguments which use 
the shift of the constant mode of ip. 

As for the ultraviolet fixed point described in 2 + e dimensions it may have 
applications to string theory. We point out that our ultraviolet fixed point is very 
similar to the critical string in the sense that conformal mode becomes a free field 
when e ~ . One might hope that e ~ limit of the fixed point leads to a new 
string theory with c > 1. However such a theory turns out to not differ much 
from the conventional string theory except that the cosmological constant operator 
is made of a free field (conformal mode). 

As it can be seen from the first term of (3l in eq.(5.19) the gravity sector has 
contributed to the central charge clS ^ i + OC 25 — c in the e — > limit. Such a theory 
may be represented by Brans-Dicke type gravity in two dimensions. 
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7. Conclusions and Discussion 



In this paper we have proposed a formulation of renormalizable quantum grav- 
ity in 2 + e dimensions. Our formulation can be regarded as a natural extension of 
the nonlinear sigma model approach to string theory (two dimensional gravity) [17- 
19] into 2 + e dimensions. 

We have generalized the Einstein action by relaxing the conformal mode de- 
pendence 




Under the general coordinate transformation, = (ge ft ) transforms as 

Namely it does not transform as a tensor but it undergoes extra conformal trans- 
formation. Since the action (7.1) is invariant if g^ v transforms as a tensor, it breaks 
the general covariance if it is not conformally invariant. 

However it is invariant under a restricted class of the general coordinate trans- 
formation such that b p e p = (volume preserving diffeomorphism) . Furthermore 
it is invariant under the constant mode shift of ip l . 

Hence the one-loop matter contributions are renormalizable within this action. 
However we need to add the gauge fixing and the ghost terms to quantize the 
gravity sector. In doing so we have no other choice than to add BRS trivial terms 
with respect to the general coordinate transformation. Since the action (7.1) is not 
BRS invariant, we may worry whether the theory is really renormalizable within 
the action (7.1) plus BRS trivial terms. However we have already seen a lot of 
cancellations in gravity sector. As was shown in section 3, the action (7.1) is 
renormalizable to the one-loop order. Since we can choose the conformal gauge in 
two dimensions where h^ v = , we may expect that the divergences due to h^ v 
field are down by single power of e. Even if it is the case, we cannot exclude the 
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possibility that divergences arise which cannot be renormalized within the action 
(7.1) in higher orders. 

If so, we may need to introduce all possible renormalizable terms in addition 
to the action (7.1). The theory is certainly renormalizable if we do so, but it may 
become computationally more difficult to deal with. Nevertheless these additional 
couplings are expected to be small since the theory is nearly conformally invariant 
in 2 + e dimensions. 

Another feature of the action (7.1) is the negative sign of the kinetic term of 
the conformal mode. In two dimensions the sign of the kinetic term of the con- 
formal mode is positive as long as c < 25, because the theory is in the strong 
coupling phase and it is far from the Einstein gravity. On the other hand beyond 
two dimensions, the sign of the kinetic term of the conformal mode is inevitably 
negative in the weak coupling regime. Unlike in two dmensions, the simple map to 
the statistical systems beyond two dimensions may not work in the weak coupling 
region due to the instability of the conformal mode. This is the inevitable prob- 
lem in realistic quantum gravity and further considerations may be needed in the 
dynamical triangulation approach with respect to this problem. 

We have again seen the well-known connection between the conformal invari- 
ance and the BRS invariance in quantum gravity near two dimensions in these 
considerations. In the nonlinear sigma model approach to string theory, all possi- 
ble renormalizable couplings which break BRS invariance in general are considered. 
The BRS invariance can be imposed later by demanding the conformal invariance. 
We are proposing a similar strategy in 2 + e dimensional quantum gravity. We con- 
sider all possible renormalizable couplings which break BRS invariance in general 
for the sake of the renormalizability. We propose to impose the general covariance 
by picking up the renormalization group trajectory which leads to the Einstein 
theory in the weak coupling limit. 

In this paper we have performed this program to the one-loop order. We also 
have studied the renormalization of the generally covariant operators. Remarkably, 
the theory turns out to possess the ultraviolet fixed point as long as < c < 25. 
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Furthermore we have computed the scaling dimensions of the relevant oper- 
ators in the theory near the ultraviolet fixed point. Our results appear to be 
very encouraging toward the construction of consistent quantum gravity in 2 + e 
dimensions. We hope to systematically improve our predictions in the near future. 
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